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Abstract
In this note, we will study ∆ link homotopy (or self ∆-equivalence), which is an equivalence
relation of ordered and oriented link types. We will give a necessary condition in the terms of Conway
polynomials for two link types to be ∆ link homotopic. As an application, we will classify (ordered
and oriented) prime two-component link types with seven crossings or less up to ∆ link homotopy.
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1. Introduction
This note is a continuation to the previous paper [8] by Shibuya and the author, where
they have given a necessary condition for two link types to be transformable into each other
by a finite sequence of self ∆ moves. For two link diagrams K and L which differ only in
one place as in Fig. 1, a local move between K and L is called a ∆ move. Furthermore, for
two links κ and λ represented by K and L, κ and λ are said to be transformed into each
other by a ∆ move. It is known the following result by Matveev [6] and by Murakami and
the author [7].
Fig. 1.
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Proposition 1. A pair of knots (or links) can be transformed into each other by a finite
sequence of ∆ moves if and only if the pair of knots (or links) have the same number of
components, and, for properly chosen orders and orientations, they have the same linking
numbers between the corresponding components.
In the case that all arcs illustrated in Fig. 1 are contained in the same component, the
above move is called a self ∆ move. Furthermore, for two links κ and λ represented by K
and L, κ and λ are said to be transformed into each other by a self ∆ move (cf. [10]). For
two links κ and λ, if κ can be transformed into λ by a finite sequence of self ∆ moves, κ
and λ are said to be ∆ link homotopic (or self ∆-equivalent).
Okada [9] has given a a necessary condition in the term of Conway polynomials for
two knots to be ∆ link homotopic. By applying the same argument as in the proof for µ-
component links, we have a necessary condition in the term of Conway polynomials as in
Theorem 2.
Theorem 2. If two µ-component links κ , λ are transformed into each other by a single
self ∆ move, then, for the coefficient aµ−1 of the term zµ−1 and the coefficient aµ+1 of the
term zµ+1 in the Conway polynomials, we have
aµ−1(κ)= aµ−1(λ),∣∣aµ+1(κ)− aµ+1(λ)∣∣= ∣∣aµ−1(κ)∣∣.
Furthermore, if two µ-component links κ , λ are transformed into each other by n times
self ∆ moves, then we have,
aµ−1(κ)= aµ−1(λ),
aµ+1(κ)− aµ+1(λ)≡ n · aµ−1(κ) mod 2 ·
∣∣aµ−1(κ)∣∣,∣∣aµ+1(κ)− aµ+1(λ)∣∣ n · ∣∣aµ−1(κ)∣∣.
The proof of Theorem 2 will be given in the following Section 2. Considering carefully
the proof, and we will obtain the following Gokiso observation.
Theorem 3. If two µ-component links κ = κ1∪· · ·∪κµ, λ= λ1∪· · ·∪λµ are transformed
into each other by a finite sequence of self ∆ moves, then we have
aµ+1(κ)− aµ−1(κ)×
(
µ∑
i=1
a2(κi)
)
= aµ+1(λ)− aµ−1(λ)×
(
µ∑
i=1
a2(λi)
)
.
From these theorems, we will classify all prime 2-component links with seven crossings
or less. Moreover, we will decide the minimum number of self ∆ moves which can convert
one link into another if possible in Section 3.
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2. Proof of Theorems 2 and 3
It is known that the Conway polynomial can be calculated axiomatically. In fact, for the
three links κ+, κ−, κ0 that have link diagrams K+,K−,K0 which differ only in one place
as in Fig. 2, the following equation (2.1) holds. (Cf. [5].)
∇κ+ −∇κ− = z∇κ0 . (2.1)
Proof of Theorem 2. From Eq. (2.1), we can calculate the difference of the Conway
polynomials of two links, which can be transformed into each other by a single self ∆
move, as follows. By substituting both terms in the first expression from Eq. (2.1), we
obtain the second expression. As the first and third terms in the second expression are
identical, we eliminate them. By substituting the second and fourth terms in the second
expression from Eq. (2.1), we obtain the third expression. As the first and third terms in
the third expression are identical, we eliminate them. By substituting the second and fourth
terms in the third expression from Eq. (2.1), we obtain the last expression.
(2.2)
Take a notice that the links can be transformed into each other by a single self ∆ move, it
can be seen that the connection of strings outside the tangles must be one of the following
two types as in Fig. 3. (In Fig. 3, we ignore the other components.)
Hence, we see that the two links presented in the last expression are a µ-component
link and a (µ+ 2)-component link. It is known that the leading (non-zero) coefficient of
the Conway polynomial of a µ-component link is the degree µ− 1 or more. And that of
Fig. 2.
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Fig. 3.
a (µ+ 2)-component link is the degree µ+ 1 or more. (Cf. [5].) Therefore, we have the
first result on the leading coefficients: aµ−1(κ)= aµ−1(λ). It is also known that, for a µ-
component link, the coefficient of degree µ− 1 does depend only on the linking numbers
of components, as in the following Proposition 4, which has been shown by Hoste [4].
Therefore, the given two links and the µ-component link in the last expression have the
identical coefficient of degree µ− 1. Therefore, we have the second result on the second
leading coefficient: |aµ+1(κ)− aµ+1(λ)| = |aµ−1(κ)|. Then, we have the required result
in Theorem 2. ✷
Proposition 4. For a µ-component link κ = κ1 ∪ · · · ∪ κµ, the leading coefficient aµ−1
of the Conway polynomial of κ , does depend only on the linking numbers of components,
lk(κi, κj ) (i, j = 1, . . . ,µ).
Proof of Theorem 3. As in the same way, we calculate the difference of the Conway
polynomials of the two knots κi and λi obtained from the given two links by ignoring the
other components which does not appear in the formula above. Then we have |a2(κi) −
a2(λi)| = |a0(κ)| = 1. Considering carefully the sign of difference in the argument above,
it can be seen that the difference aµ+1(κ)− aµ+1(λ) is the multiplication of aµ−1 by the
difference of a2(κi)− a2(λi). Then, we have the required result in Theorem 3. ✷
3. Classification
In this section, we will study the classification up to ∆ link homotopy for prime 2-
component links with seven crossings or less. There are 57 types of ordered and oriented
links as in Appendix A. Furthermore, for the two ∆ link homotopic links, we will study
the minimum number of self ∆ moves which convert one into the other.
By Theorems 2 and 3, we will classify 57 types of ordered and oriented links by
the two kind of integral invariants. The first integral invariant is the linking number:
i1 = a1(κ1 ∪ κ2) = lk(κ1, κ2). The second integral invariant is the following number:
i2 = a3(κ1 ∪ κ2) − a1(κ1 ∪ κ2) × (a2(κ1) + a2(κ2)). For prime 2-component links with
seven crossings or less, we have −3 i1  3.
(1) Prime 2-component links with seven crossings or less with i1 = 3: There are three
classes which have exactly one types.
(i1, i2)= (3,0) 621pp.
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Fig. 4.
Fig. 5.
(i1, i2)= (3,−4) r621pn.
(i1, i2)= (3,2) 622pp.
(2) Prime 2-component links with seven crossings or less with i1 = 2: There are four
classes.
(i1, i2)= (2,1) r421pn ∼∆ r725pn ∼∆ dr725pn.
(i1, i2)= (2,−1) 623pp ∼∆ r727pp ∼∆ dr727pp.
(i1, i2)= (2,0) 421pp ∼∆ 725pp ∼∆ d725pp.
(i1, i2)= (2,2) r623pn ∼∆ 727pn ∼∆ d727pn.
At the part of trefoil summand of 725,7
2
7, we perform a self ∆ move and see that they
are ∆ link homotopic. (See Figs. 4 and 5.)
For r725pn ∼∆ dr725pn, r727pp ∼∆ dr727pp, 725pp ∼∆ d725pp, 727pn ∼∆ d727pn, two
times of self ∆ moves are needed to be converted into each other. The two components are
a trivial knot and a trefoil knot. From the following Claim 5, the number must be nonzero
and even. Therefore, the minimum number of self ∆ moves, which convert one link into
the other, is exactly 2.
Claim 5. A pair of 2-component links κ = κ1 ∪ κ2 and λ= λ1 ∪ λ2 are supposed to be ∆
link homotopic.
(1) Suppose that all the components κ1, κ2, λ1, λ2 are trivial knots with a2 = 0. As a
self ∆ move changes the a2 of a component by ±1 from Theorem 2, odd times of
self ∆ moves cannot convert one link into the other.
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Fig. 6.
(2) Suppose that κ1 and λ1 are trivial knots with a2 = 0 and that κ2 and λ2 are trefoil
knots with a2 = ±1. Odd times of self ∆ moves cannot convert one link into the
other.
(3) Suppose that κ1, κ2, and λ1 are trivial knots with a2 = 0 and that λ2 is a trefoil knot
with a2 =±1. Even times of self ∆ moves cannot convert one link into the other.
(3) Prime 2-component links with seven crossings or less with i1 = 1: There are three
classes.
(i1, i2)= (1,0) 221pp.
(i1, i2)= (1,2) 721pn ∼∆ 722pn.
(i1, i2)= (1,−2) r721pp ∼∆ r722pp.
We perform two times of self ∆ moves as in Fig. 6 and see that they are ∆ link
homotopic.
(4) Prime 2-component links with seven crossings or less with i1 = 0: There are five
classes.
(i1, i2)= (0,0) 021.
(i1, i2)= (0,1) 521pp ∼∆ r726pp ∼∆ dr726pp
∼∆ 728pp ∼∆ d728pp.
(i1, i2)= (0,−1) r521pp ∼∆ 726pp ∼∆ d726pp
∼∆ r728pp ∼∆ dr728pp.
(i1, i2)= (0,2) 723pp ∼∆ r724pp ∼∆ dr724pp.
(i1, i2)= (0,−2) r723pp ∼∆ 724pp ∼∆ d724pp.
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Fig. 7.
Fig. 8.
We will firstly consider the case (i1, i2)= (0,1). At the part of trefoil summand of 728pp,
we perform a self ∆ move and see that 728pp and 521pp are ∆ link homotopic. (See Fig. 7)
For 728pp ∼∆ d728pp, two times of self ∆ moves are needed through 521pp to convert
one link into the other. The two components are a trivial knot and a trefoil knot. From
Claim 5, the number must be nonzero and even. Therefore, the minimum number of self ∆
moves, which converts one into the other, is exactly 2.
For r726pp ∼∆ 521pp, two times of self ∆ moves are needed as in Fig. 8 to convert one
link into the other. The two components are all trivial knots. From Claim 5, the number
must be nonzero and even. Therefore, the minimum number of self ∆ moves, which
converts one into the other, is exactly 2.
For r726pp ∼∆ dr726pp, four times of self ∆ moves are needed through 521pp to convert
one link into the other. The two components are all trivial knots. From Claim 5, the number
must be nonzero and even. Two times of self ∆ moves cannot convert one link into the
other. That is from the following Claim 6.
Claim 6. For a pair of 2-component links κ = κ1 ∪ κ2 and λ= λ1 ∪ λ2, they are supposed
to be converted into each other by the two times of self ∆ moves. Suppose that all
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Fig. 9.
components κ1, κ2, λ1, λ2 are trivial knots. Then, the two times of self ∆ moves must
convert the same component. And one of the following holds:
(1) The linking numbers of lifts of κ1 in the infinite cyclic covering space along κ2 must
coincide with the linking numbers of lifts of λ1 in the infinite cyclic covering space
along λ2.
(2) The linking numbers of lifts of κ2 in the infinite cyclic covering space along κ1 must
coincide with the linking numbers of lifts of λ2 in the infinite cyclic covering space
along λ1.
We know that r726pp and dr7
2
6pp are identical except orders. Fig. 9 illustrates the
lift of one component in the infinite cyclic covering space along the other component,
respectively. In the bottom figure, a lift is linking exactly with the adjacent lifts. In the top
figure, a lift is linking with the adjacent lifts and the second adjacent lifts. By Claim 6, the
minimum number of self ∆ moves, which converts one into the other, is exactly 4.
Remark. For a pair of 2-component links κ = κ1∪κ2 and λ= λ1∪λ2, suppose that κ1, λ1
are trivial knots. And suppose that the linking numbers of lifts of κ1 in the infinite cyclic
covering space along κ2 coincide with the linking numbers of lifts of λ1 in the infinite cyclic
covering space along λ2. Then, the lifts can be converted by a finite sequence of ordinary ∆
moves by Proposition 1. Furthermore, the original links κ and λ can be transformed into
each other by a finite sequence of self ∆ moves, which converts κ1 and λ1. The example
above is very interesting, because of the possibility of ∆ link homotopy for two links such
that the linking numbers of lifts in the infinite cyclic covering spaces do not coincide.
For r726pp,dr7
2
6pp and 7
2
8pp,d7
2
8pp, three times of self ∆ moves are needed to convert
one link into the other.
That is because the two components of r726pp,dr7
2
6pp are all trivial knots. And the two
components of 728pp,d7
2
8pp are a trivial knot and a trefoil knot. From Claim 5, the number
must be nonzero and odd. A single self ∆ moves cannot convert one to the other. That is
from the following Claim 7.
Claim 7. A 2-component link κ = κ1 ∪ κ2 is supposed to be transformed into a 2
component link λ = λ1 ∪ λ2 by a single self ∆ move. And suppose that κ1, λ1, λ2 are
all trivial knots and that κ2 is a trefoil knot. Then, the self ∆ move must convert κ2. And
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Fig. 10.
Fig. 11.
κ˜2 obtained from the −1/2 Dehn surgery along κ1 must be transformed into one of the
following two knots by a single self ∆ move: λ˜2 obtained from the −1/2 Dehn surgery
along λ1, and λ˜1 obtained from the −1/2 Dehn surgery along λ2.
The knot obtained from the−1/2 Dehn surgery along the trivial component of 728pp can
be seen as in Fig. 10, and the result is 52 with a2(52)= 2.
The knot obtained from the −1/2 Dehn surgery along the trivial components of r726pp
can be seen as in Fig. 11, and the results are the knots with a2 =−2. This is a contradiction
with Theorem 2.
The case of (i1, i2) = (0,−1) is the mirror image of that of (i1, i2) = (0,1), and the
parallel argument is valid.
Next, we will consider the case (i1, i2) = (0,2). At the part of trefoil summand of
r724pp we perform a self ∆ move and see that r7
2
4pp ∼∆ 723pp are ∆ link homotopic.
(See Fig. 12.)
For r724pp ∼∆ dr724pp, two times of self ∆ moves are needed through 723pp to convert
one link into the other. The two components are a trivial knot and a trefoil knot. From
Claim 5, the number must be nonzero and even. Therefore, the minimum number of self ∆
moves, which converts one link into the other, is exactly 2.
178 Y. Nakanishi / Topology and its Applications 121 (2002) 169–182
Fig. 12.
The case of (i1, i2) = (0,−2) is the mirror image of that of (i1, i2) = (0,2), and the
parallel argument is valid.
(5) Prime 2-component links with seven crossings or less with −n (n 1).
These are the mirror images of prime 2-component links with seven crossings or less
with n (n 1) and the parallel argument is valid.
By the argument above, all ordered and oriented types of prime 2-component links with
seven crossings or less are classified up to ∆ link homotopy. In the following, ∆ link
homotopic links are in the same table and the number means the minimum number of self
∆ moves which convert one link into the other.
621pp r6
2
1pn 6
2
2pp
r421pn r7
2
5pn dr7
2
5pn
r421pn 0 1 1
r725pn 0 2
623pp r7
2
7pp dr7
2
7pp
623pp 0 1 1
r727pp 0 2
421pp 7
2
5pp d7
2
5pp
421pp 0 1 1
725pp 0 2
r623pn 7
2
7pn d7
2
7pn
r623pn 0 1 1
727pn 0 2
221pp
721pn 7
2
2pn
721pn 0 2
r721pp r7
2
2pp
r721pp 0 2
021
521pp r726pp dr726pp 728pp d728pp
521pp 0 2 2 1 1
r726pp 0 4 3 3
dr726pp 0 3 3
728pp 0 2
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r521pp 7
2
6pp d7
2
6pp r7
2
8pp dr7
2
8pp
r521pp 0 2 2 1 1
726pp 0 4 3 3
d726pp 0 3 3
r728pp 0 2
723pp r7
2
4pp dr7
2
4pp
723pp 0 1 1
r724pp 0 2
r723pp 7
2
4pp d7
2
4pp
r723pp 0 1 1
724pp 0 2
221pn
r721pn r7
2
2pn
r721pn 0 2
721pp 7
2
2pp
721pp 0 2
421pn 7
2
5pn d7
2
5pn
421pn 0 1 1
725pn 0 2
r623pp 7
2
7pp d7
2
7pp
r623pp 0 1 1
727pp 0 2
r421pp r7
2
5pp dr7
2
5pp
r421pp 0 1 1
r725pp 0 2
623pn r7
2
7pn dr7
2
7pn
623pn 0 1 1
r727pn 0 2
r621pp 6
2
1pn r6
2
2pp
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Appendix A. Table of ordered and oriented prime 2-component links
The following is the table of all 57 ordered and oriented types of prime 2-component
links with seven crossings or less. The classification of oriented links has been done by
180 Y. Nakanishi / Topology and its Applications 121 (2002) 169–182
Doll and Hoste [3] up to 9 crossings. However they give a naming scheme there different
from the following.
The regular diagrams follow Conway’s notation (see [2]). In the symbol xyN2nzw under
each diagram, the symbol N2n is that of Alexander and Briggs [1], where N means the
number of crossings and n means the numbering in the links with the same crossings. The
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symbol d located in x means that the upper arc in the diagram is the second component.
Otherwise, the upper arc in the diagram is the first component. The symbol r located in y
means that the mirror image of the ordinal diagram. The symbol p located in z means that
the right-upper arc in the diagram of the first component has the clockwise orientation.
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The symbol n located in z means that the right-upper arc in the diagram of the first
component has the counter-clockwise orientation. The symbol p located in w means that
the right-upper arc in the diagram of the second component has the clockwise orientation.
The symbol n located in w means that the right-upper arc in the diagram of the second
component has the counter-clockwise orientation. The polynomial under each symbol is
the Conway polynomial of the 2-component link type presented by the upper diagram.
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